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Saturated Configurations of Points in Projective Galois Spaces 
EMANUELA UGm 
In this paper we examine sets K of k points in a projective Galois space PG(r, q), of any dimension 
r, satisfying the following property: the union of all (I-subspaces, 0 ~ e ~ r, of PG(r, q) generated 
by (/1 + I) independent points in K coincides with the whole space. Moreover, estimates for the 
smallest possible value of such a k are given. 
1. INTRODUCTION 
In a recent paper [1] U. Bartocci introduced the study of sets K of points in a projective 
Galois plane PG(2, q) with the property that each point of the plane lies in at least one 
bisecant line of K. In the present paper we shall attempt to extend this study to the case of 
an ambient space PG(r, q) of any dimension r ~ 2 [and, in order to avoid special cases, we 
shall always suppose also q ~ (r + 1 )]. 
Given a set K of k points in PG(r, q) (we shall call it a k-set), we shall say that K is 
e-saturated, for some integer e: I ~ e ~ (r - I), if, for any point x E PG(r, q), there exist 
(e + I) independent points Xo, XI' ... , xQ E K so that X lies in the e-subspace ofPG(r, q) 
generated by these points. Since obviously, when K is a e-saturated set, any other set K' ;2 K 
is still e-saturated, only e-saturated sets which are minimal are considered, namely, those 
e-saturated sets K for which the set K - {x} is not e-saturated for any choice of the point 
x in K. 
Of course, from the definition follows at once that, if K is a e-saturated set, for 
e ~ (r - 2), then it is also a (e + I)-saturated set, but, if K is minimal as a e-saturated 
set, then it is not necessarily still minimal as a (e + I)-saturated set. 
We define the function k(r, q, e) as the smallest possible value for which there exist 
e-saturated k(r, q, e)-set in PG(r, q). For convenience, we shall call e-optimal the e-saturated 
sets of this minimum order. 
When r = 2, one has only one case to study, namely the case e = I, and in this case one 
knows that: 
PROPOSITION I ([I]). If K is a I-saturated minimal k-set in PG(2, q), then k satisfies: 
(3 + .}1 + 8q)/2 ~ k ~ q + 2. (I) 
REMARK. The lower bound in (I) is exactly the same as in the corresponding inequality 
established by M. Sce for complete k-arcs in PG(2, q) ([3], p. 280). 
PROPOSITION 2 ([I]). For any fixed integer s ~ 2, the function k(2, q, I) satisfies 
(3 + ..;r+sq)/2 ~ k(2, q, I) ~ 2(q - I)/s + 3 (2) 
for all but a finite number of values of q satisfying the condition s I (q - I). 
COROLLARY 3. The function k(2, q, I) satisfies 
lim sup k(2, q, I)/q 
q_+ oo 
and obviously also 
0, 
lim inf k(2, q, I)/q ~ I. 
q""'+ oo 
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(3') 
(3") 
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We observe that the upper bound in (1) is effectively attained, as is shown by: 
EXAMPLE A. The set consisting of all points in a line L in PG(2, q), plus another point 
x ¢ L, is obviously a (q + 2)-set which is I-saturated and minimal. 
On the other hand, the lower bound in (1) and (2) seems unsatisfactory, since the known 
examples either of complete k-arcs in PG(2, q) (which are obviously I-saturated minimal 
k-sets according to our terminology), or of I-saturated sets in PG(2, q) or relatively small 
order constructed in [1], all have a number of points whose order of magnitude is too large 
compared with this lower bound. 
The only examples of I-saturated sets which, to the author's knowledge, really approach 
as order of magnitude this lower bound, are those illustrated in: 
EXAMPLE B. When q is a square, take all the points in three independent lines in a Baer 
sub-plane PG(2, Jq) c PG(2, q). This set is a I-saturated minimal 3Jq-set in PG(2, q). 
When r > 2, there are two relevant cases for {l to be examined, that is to say, {l = 1 and 
{l = (r - 1). The case {l = (r - 1) generalizes the study of complete k-arcs in PG(r, q), 
since again a complete k-arc is an (r - 1 )-saturated minimal k-set (it must be remembered 
that the notion of k-arc is extended from r = 2 to any r ~ 2 in the following way: a k-arc 
is any set of k points in PG(r, q), k ~ (r + 1), with the property that no (r + 1) of them 
belong to the same hyperplane ofPG(r, q); cfr. [2], p. 307). The case (l = 1 extends instead 
the study of complete k-caps in PG(r, q), a k-cap being defined as a set of k points in 
PG(r, q) with the property that no three of them are collinear (cfr. [4], p. 165). 
This paper is concerned mainly with the case {l = 1, but also general estimates for 
k(r, q, (l), and special constructions in the case {l = (r - 1), will be given. 
2. ESTIMATES FOR k(r, q, 1) 
We shall begin the study of the case (l = 1 for any r ~ 2 extending Proposition 1. 
PROPOSITION 4. If K is any i-saturated minimal k-set in PG(r, q), then 
Mr :::; k :::; 1 + !Vr.r-I), 
where Nh is defined, for any h ~ 0, as the number of points in a Galois space PG(h, q): 
Nh = (qh+1 - I)/(q - 1) = qh + if-I + ... + q + 1, 
and Mr is defined as 
(4) 
(4') 
{
(3 + .JI + 8(N,.f2 - 1»/2 when r is even 
Mr = (3 + .JI + 8(!Vr.r-l)f2 - 1»/2 when r is odd. 
(4") 
REMARK. The upper bound in (4) is effectively attained, as one can see immediately 
using the same method as in Example A. The lower bound in (4) for r = 2 is exactly the 
same as in (1); in the case r = 3 it is slightly better than the one given in [2] (p. 95) for 
complete k-caps: k > J2fi + 1. 
PROOF. We shall first prove the right-hand side of (4). Since for any point x E Kthe set 
K - {x} is not I-saturated, then at least one point P(x) in PG(r, q) exists so that all the 
lines through P(x), which are !Vr.r-IJ in number, except for the line xP(x) when P(x) :f. x, 
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meet K in at most one point, whereas the line xP(x), when it is defined, meet K in exactly 
two points. Then, either k ::;; ~r-I) in the case P(x) = x, or k ::;; (~r-I) - 1) + 2 in the 
other case, whence the conclusion. 
In order to prove the left-hand side of (4), we shall first demonstrate two lemmas. 
LEMMA 5. The function k(r, q, 1) satisfies: 
k(r, q, 1) ::;; Pro 
where Pr is defined as 
{2~r_I)/2' p = 
r Nr/2 + N(r/2-1), 
when r is odd, 
when r is even. 
(5) 
(5') 
PROOF. Take a subset of PG(r, q) of type K = SI U S2, where SI and S2 are two 
subspaces of PG(r, q) skew one another and with dual dimensions. Then K is obviously a 
I-saturated minimal (I SII + 1 S21)-set in PG(r, q), and the minimum value for 1 SII + 1 S21 
in this family of examples is precisely the one given in the right-hand side of (5). 
LEMMA 6. Let K be a i-optimal k-set in PG(r, q). Then: 
(a) when r is even, for each (r/2 - I)-subspace S' of PG(r, q), there exists at least one 
r/2-subspace S containing S' so that S meets K outside S' in at most one point; 
(b) when r is odd,for each «r - 1)/2 - I)-subpace S' ofPG(r, q), there exists at least one 
(r - 1 )/2-subspace S containing S' so that S does not meet K outside S'. 
PROOF. Let us begin with the case of an even r. One has exactly N,/2 subspaces S of the 
required dimension containing S', and the family S - S' is a partition ofPG(r, q) - S'. 
If one now defines a = infl (S - S') n KI for S varying in this family, then one gets 
aNr/2 ::;; k ::;; N,/2 + ~r/2-1) < 2N,/2 as a consequence of (5), whence a ::;; I as stated. 
In the case of an odd r, considering the same family S ::::> S' as before, but now with 
~r+I)/2 elements, one gets instead a~r+I)/2 ::;; k ::;; 2~r-I)/2' and then, since 2N(r_I)/2 < 
~r+I)/2' the identity a = 0 (it must be remembered that one has indeed, for each h ~ 0, 
2Nh < N h+ I )· 
Let us now come back to the proof of Proposition 4. Since what needs to be proved is 
a lower bound for k, it is enough then to take a I-optimal k-set in PG(r, q). First we observe 
that in this case there exists a subspace S' of the kind mentioned in Lemma 6 with the 
property: 1 S' n K 1 = 1. As a matter of fact, if one had 1 S' n K 1 = I > 1, then one could 
choose a subspace S ::::> S' as in Lemma 6 satisfying 1 (S - S') n KI ::;; 1, and then some 
other subspace S" of co dimension 1 in S would exist with 0 < 1 S" n KI < I, whence the 
conclusion by induction on I. Now, let us fix any such space S'. In the case of an odd r, by 
virtue of Lemma 6 one can choose S ::::> S' so that 1 (S - S') n KI = 0, and so exactly 
1 S n KI = 1. Then all points in S, except one, are not in K, and each of them must lie 
in at least one bisecant line of K, in fact, each lies on a bisecant line of K - S = K - S', 
whence the inequality 
~r-I)/2 - I ::;; ( ~ 1) 
(since for different points one has different bisecants), from which the conclusion follows 
in this case. 
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In the case of an even r, if there exists a subspace S containing S' satisfying I S n KI = 1, 
we can repeat the same argument as before, and then get 
(
k - 1) 
Nr/2 - 1 ~ 2 . 
If on the contrary IS n KI ~ 2 for all S ::::l S', then k ~ N,/2 + 1, which implies a 
fortiori k ~ M" whence again the conclusion. 
From Proposition 4 and Lemma 5 one sees that the function k(r, q, 1) satisfies 
Mr ~ k(r, q, 1) ~ P" 
and then, as a consequence, that it satisfies: 
lim sup k(r, q, I)/q'/2 ~ I, 
q-+ + 00 
in the case on an even r, 
lim inf k(r, q, I)/q(r - l)/2 ~ 2, 
q-+ oo 
in the case of an odd r. 
(6) 
(7') 
(7") 
As regards the left-hand side of (6), one can repeat the same considerations which were 
made about the left-hand side of (2), with the essential difference that if r ~ 3, and q is a 
square, one cannot generalize the construction given in Example B, since the I-saturated 
minimal sets which one would obtain have a number of points (namely (Jq)' + .. . + Jq + 
I - (Jq - I)'} whose order of magnitude is more comparable with that of Pr rather than 
with that of M,. 
As regards the right-hand side of (6), we shall in the next paragraph improve the given 
upper bound, but only in the case of an even r. More precisely, we shall prove that in this 
case the function k(r, q, 1) satisfies 
lim inf k(r, q, I)/q,/2 = 0, (8') 
q-+ +oo 
which extends the result given in Corollary 3. 
In the case of an odd r, it does not appear easy to improve (6) so as to arrive at the 
analogous relation 
lim inf k(r, q, I)/q(,- I)/2 = 0. 
q- +co 
(8") 
In any case, because of (7"), one can say at least that the relation (8') holds for any value 
of r, both odd and even. 
3. I-SATURATED SETS OF RELATIVELY SMALL ORDER IN THE CASE OF AN EVEN r 
As stated above, we want in this paragraph to extend Proposition 2 so as to prove (8') ' 
in the case of an even r . 
PROPOSITION 7. For any fixed integer s ~ 2, there exist I-saturated k-sets of order 
k ~ 2q,/2- 1(q - I)/s + 3k(r - 1, q, I) (9) 
in all but afinite number of Galois spaces PG(r, q) (r even) satisfying the condition s I (q - 1). 
REMARK. Identity (8') follows now from (9) since k(r - 1, q, 1) ~ 2!Vr, - 2)/2 and then 
lim k(r - 1, q, 1)/q'/2 = 0. 
q_+ oo 
PROOF. We shall use a different method from the one followed in [1], which is the reason 
why (9) appears slightly worse than (2) in the case r = 2 (in this case, put k(l, q, 1) = 2). 
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But indeed, as one can deduce from the details of the proof, what we shall actually obtain 
when r = 2 is precisely 
k = 2(q - 1)/s + 2, (9') 
which is on the contrary slightly better than (2). The proof of Proposition 7 is based on the 
following Proposition 8, which has been proved in [4], and which we shall have occasion 
to use extensively in other parts of this paper. 
PROPOSITION 8 ([4]). For any fixed integer s ~ 2, consider the class of all Galois fields 
GF(q) satisfying the condition s I (q - 1), and indicate with H(q, s) the multiplicative sub-
group ofGF(q)* = GF(q) - {O} of index s. Given any algebraic system of congruences 0": 
J:(XI, ... , xn) E H(q, s), i = 1, ... , m, where: 
(a) J: E GF(q) [XI , ... , xn] are polynomials of positive degree d j , 
(b) all J: are simple and no two have a common factor, 
(c) when n ~ 2, each irreducible factor of any J: is also absolutely irreducible, 
then there always exists a solution (Xl> ... , xn) E GF(q)" of 0", provided that q is sufficiently 
large (namely, that it is bigger than a constant eer) depending only on the type 't" = 
(m; n; db ... , dm ) of 0"). 
As a consequence of Proposition 8 we can now easily prove the following Proposition 9, 
from which Proposition 7 follows on immediately, when one takes the decomposition 
r = r/2 + r/2: 
PROPOSITION 9. For any fixed integer s ~ 2, and for any additive decomposition of 
r = v + (r - v), v = 1, ... , r - 1, there exist I-saturated k-sets of order 
k ~ (q - l)(qV-1 + qr-v-I)/s + 3k(r - 1, q, 1) (10) 
in all but a finite number of Galois spaces PG(r, q) satisfying the condition s I (q - 1). 
REMARK. When r is odd, the lower bound of (10) when v varies is reached in the case 
v = (r - 1)/2, and we have in this case 
k ~ (q - l)(q(r-3l/2 + q(r- ll/2)/s + 3k(r - 1, q, 1) 
~ (q - 1)(q(r-3l/2 + q(r-I)/2)/s + 3(Nrr-ll/2 + Nrr-3l/2), 
which is worse than (4) (but we shall have occasion to use (11) in Section 5). 
(11) 
PROOF. Let us choose in the given Galois space a homogenous coordinatization 
(xo, XI' ... , xr), and put YI = xi/xo, ... , Yr = xr/xo· Then consider the affine subspaces 
A' = (YI, ... , Yv, 0, ... ,0) and A" = (0, ... ,0, Yv+I,···' Yr) of AG(r, q) = PG(r, q) -
{xo = O}, and in A' and A" define the subsets 
K' {YI E H(q, s), Yv+1 = ... = Yr = O} c A', 
K" {Yv+1 E H(q, s), YI = ... = Yv = O} c A". 
We shall prove that, for a sufficiently large q, the set Ko = K' u K" satisfies the property 
that the union of all its bisecant lines contains the set AG(r, q) - {YI = O} - {Yv+1 = O}. 
From this, our result will follow if we observe that ~ has indeed cardinality (q - l)(qV-1 + 
qr-v-I)/s, and that one can add to it the union of three I-optimal sets respectively in the 
hyperplane at infinity Xo = 0, and in the coordinate hyperplanes YI = 0 and Yv+ I = 0, so 
that to obtain altogether a I-saturated set K in PG(r, q) having the required cardinality 
[these three I-optimal sets are not necessarily disjoint, whence the ~ in (lO)-for instance, 
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in the case r = 2, it is enough to add only the points at the infinity (0, 1, 0) and (0, 0, 1), 
whence the equality (9')]. 
Let therefore P = (YI, ... , Yv' ZI' ... , zr-v) be any point in AG(r, q) with YI ZI ::f: O. 
Proposition 8 implies that, for a sufficiently large q, the algebraic system of congruences cr: 
t E H(q, s), t/zl - ydzl E H(q, s) (which is of type r = (2; 1; 1, 1)) has always a solution 
IE GF(q), whence it follows that P is indeed collinear with the points (I, IY2/YI' ... , IYv/YI' 
0, ... ,0) and (0, ... ,0, zJ/(1 - YI), ... ,Zr-J/(I - YI» which are respectively in K' and 
in K". 
4. ESTIMATES FOR k(r, q, e) 
Having examined in the previous paragraphs the case in which e = 1, we can now 
attempt to gain knowledge about k(r, q, e) for all possible values of e. 
We start by observing that, if K is a e-saturated minimal k-set in a hyperplane S c 
PG(r, q), then the set K u {x}, for any point x E PG(r, q) - S, is a (e + I)-saturated 
minimal (k + I)-set in PG(r, q). 
This simple observation leads us to establish that 
k(r, q, e) ~ k(r - 1, q, e - 1) + 1, 
and repeated applications of this inequality give 
k(r, q, e) ~ k(r - e + 1, q, 1) + e - 1 
(r - e + 1 ~ 2 since e ~ r - 1). 
From (12), using (6), one gets 
k(r, q, e) ~ Pr- e+ 1 + e - 1, 
and using (7') and (7"): 
lim sup k(r, q, e)/q<r- e+ 1)/2 ~ 
q-+oo 
when (r - e + 1) is even, 
lim sup k(r, q, e)/q(r-u)/2 ~ 2 when (r - e) is even. 
q_+oo 
Moreover, from (8'), which holds for all values of r, it can be deduced also that 
(12) 
(13) 
(14) 
(15) 
lim inf k(r, q, e)/q(r-e+I)/2 = 0, (16) 
q-+oo 
for all possible values of rand e. 
5. IRREDUCIBLE SATURATED SETS 
We introduce now in the family of e-saturated sets in PG(r, q) the important distinction 
between the reducible and the irreducible, and we shall later study more closely the irreducible 
saturated sets. 
We start with the following Lemma 10, for which it will be useful to extend somewhat 
our notations: the integer e will possibly assume also the extremal values ° and r, while r 
will possibly be also 0 or I. Then, a O-saturated set in PG(r, q) will necessarily coincide with 
PG(r, q) itself, and a r-saturated set in PG(r, q) will be any subset of PG(r, q) containing 
(r + I) independent points. Using this convention (which was indeed already used in 
Proposition 7!-when r = 2, one has in the right-hand side of (9) the case r = 1), we can 
state the following: 
LEMMA 10. If S' is any v-subspace ofPG(r, q), 0 ~ v < r, and K' is a e'-saturated set 
in S' (for any e' ~ 0), and S" is any (r - v - J)-subspace ofPG(r, q) skew with S', then 
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for any e".-saturated set K" in S" (e" ~ 0), the set K = K' u K" is a (e' + e" + I)-satu-
rated set in PG(r, q). Moreover, K is minimal (as a (e' + e" + I)-saturated set) if, and only 
if, both K' and K" are minimal (respectively, as e'-saturated and e"-saturated sets). 
PROOF. Everything is obvious, except possibly the implication K', K" minimal = K 
minimal. Suppose on the contrary that K' and K" are minimal, but that K is not. Then there 
would exist for instance some point x' E K' with the property that the set K - {x'} is still 
(e' + e" + I)-saturated, but K' - {x'} is no longer e'-saturated. This would imply the 
existence of some point y' E S' (possibly coincident with x'), which never belongs to a 
e'-subspace of S' generated bye' + 1 independent points in K'. Now, by the very nature 
of K, there would exist some e' + e" + 2 independent points in (K' - {x'}) u K" with the 
property that y' belongs to the (e' + e" + I)-subspace S generated by them. Let us 
suppose now that these points are e' - eo in K' (with eo ~ 0 in force of the hypothesis on 
y'), and consequently e" + eo + 2 in K". From these premises it would follow that 
dim (S n S') ~ e' - eo (since S contains in S' y' and those e' - eo points, which are in 
the whole independent), while dim (S n S") ~ e" + eo + 1, whence dim (S n S') n 
(S n S") ~ (e' - eo) + (e" + eo + 1) - (e' + e" + 1) = 0, which contradicts the 
hypothesis S' n S" = 0. 
According to Lemma I 0, we shall call reducible the (e' + e" + 1 )-saturated minimal sets 
which can be obtained from a decomposition of type K' u K" as before, and irreducible the 
others. 
Obviously, most of the constructions given in the previous paragraphs concerned reducible 
sets, particularly those given in Section 4, which we used to obtain estimates for k(r, q, e). 
For instance, since a I-saturated minimal set can be decomposed if reducible only in the 
case e' = e" = 0, and then as a consequence only as S' u S" (using the same notations as 
in Lemma 10), the number P, which appears in Lemma 5 is precisely the minimum value 
for which there exist in PG(r, q) I-saturated minimal reducible sets. 
What has been said justifies some interest in e-saturated minimal irreducible k-sets in 
PG(r, q), which we shall now proceed to examine in part in the cases e = 1 or e = (r - 1) 
(it should be noted that indeed a complete k-arc in PG(r, q) is a (r - I)-saturated minimal 
irreducible k-set in PG(r, q), while similarly a complete k-cap is I-saturated, minimal and 
irreducible). 
We introduce the function J1.(r, q, e) as the smallest possible value for which there exist 
e-saturated minimal irreducible J1.(r, q, e)-sets in PG(r, q). 
In the case e = 1, one can say immediately from what has been stated before that 
J1.(r, q, 1) satisfies, when r is even, and for all but a finite number of values of q satisfying 
the condition sl (q - 1), the inequality: 
J1.(r, q, 1) ~ 2q,/2-'(q - I)/s + 6Nr.,-2)/2' (17) 
As a matter offact, the I-saturated k-sets mentioned in Proposition 7 have order k < Pro 
and so any I-saturated minimal k-set contained in one of these is necessarily irreducible, 
since P, is exactly the minimum value for the cardinality of I-saturated minimal reducible 
set, as it was already observed. 
In the case of an odd r, it does not seem easy to provide for J1.(r, q, 1) an upper bound 
comparable with Pro but in order to get an estimate for J1.(r, q, 1) also in this case, we can 
use inequality (11), which is indeed worse than (4), but at least gives us information on 
possible I-saturated minimal irreducible sets in PG(r, q) ofrelatively small order, since, as 
before, any I-saturated minimal set contained in one of those sets mentioned in Proposition 
9 (in the case of an odd r, and v = (r - 1)/2), is certainly irreducible. It should be noted 
that now one cannot use an arithmetical argument as before in order to prove the asserted 
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irreducibility, but one has to check directly that those sets never contain the disjoint union 
of two subspaces of PG(r, q) with dual dimensions. 
This observation brings us to the asymptotical validity (namely, for a sufficiently large 
q, with the condition that s I (q - 1» of the inequality 
Jl(r, q, 1) ~ (q - IHqCr-3)/2 + qCr-I)/2)/s + 3(!Ve,r-I)/2 + !Ve,r-3)/2), (18) 
in the case of an odd r. 
From the two relations (17) and (18) one can get an analogue of (8') for Jl(r, q, 1): 
llim inf Jl(r, q, 1)/qr/2 = 0, q-+oo lim inf Jl(r, q, 1)/q(r+I)/2 = 0, q-+oo when r is even, when r is odd. 
In the case (! = r - 1, and then r ~ 3, the estimate (12) gives 
k(r, q, r - 1) ~ k(2, q, 1) + r - 2, 
(19) 
(20) 
where the right-hand side corresponds now precisely to the smallest possible value for the 
cardinality of a (r - I )-saturated minimal reducible set. 
Then, in force of (2), which was slightly improved in the proof of Proposition 9, one gets 
k(r, q, r - 1) ~ 2(q - l)/s + 2 + (r - 2) = 2(q - 1)/s + r, (21) 
as usual, for all but a finite number of values of q satisfying the condition s I (q - I). 
We shall now examine what majorization can be established for Jl(r, q, r - 1). 
First of all, one can say immediately that at least Jl(r, q, r - 1) satisfies: 
Jl(r, q, r - 1) ~ q + 1, (22) 
because in PG(r, q) there exist complete (q + I)-arcs (for instance, the points in a rational 
normal curve of type YI = t, Y2 = f, ... , Yr = t', using the same notations as in the 
proof of Proposition 9, including its point at the infinity), and it was already observed that 
these arcs provide an example of (r - 1 )-saturated minimal irreducible sets. 
The inequality (22) can be improved, as we shall prove only in the case r = 3, showing 
that, for any fixed integer s ~ 2, the function Jl(3, q, 2) asymptotically satisfies the inequality: 
Jl(3, q, 2) ~ 2(q - 1)/s (23) 
(as usual, take only values of q satisfying the condition s I (q - 1». 
REMARK. Let us observe explicitly that the upper bound in (23) is precisely comparable 
with the upper bound in (21). 
From (22) and (23) we shall finally obtain: 
lim sup Jl(r, q, r - l)/q ~ 1, 
q- +00 
lim inf Jl(3, q, 2)/q = 0. 
q-+oo 
The estimate (23) is a consequence of the following: 
(24) 
(25) 
PROPOSITION 11. With the usual notation, fix any integer s ~ 2, and consider in all 
PG(3, q) satisfying the condition s I (q - I), the set K consisting of the (q - l)/s points of the 
rational normal curve ~: YI = t, Y2 = f, Y3 = t3 where t E H(q, s). Then, for a sufficiently 
large q, any point ofPG(3, q), except at most the points of~ itself and those contained in one 
of the coordinate axes, namely YI = Y2 = 0, or YI = Y3 = 0, or Y2 = Y3 = 0, lies in at least 
one plane generated by three independent points in K. 
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PROOF. First of all, let us show how from Proposition 11 inequality (23) follows. It will 
be enough to add to the set K previously defined a similar set K' defined in connection to 
another curve CC' obtained from CC with a 'generic' affine transformation cp(of AG(3, q) = 
PG(3, q) - {xo = O}), namely satisfying the property that cp transforms the coordinate 
trihedron fJ = (YI, Y2, Y3) into a corresponding trihedron cp(fJ) which has all its sides skew 
with those of fJ, and moreover satisfies the condition CC II cp(CC) = 0 (as it is easily seen, 
for a sufficiently large q, one can find such a cp). Then K u K' will have the required 
cardinality 2(q - l)/s and will satisfy the condition that the planes generated by its points 
fill up the whole of PG(3, q), whence the conclusion. 
We now come to the proof of Proposition 11 itself. The argument is based again on 
Proposition 8. For, if we take any finite point P = (YI, Y2' Y3) E PG(3, q), not on CC and 
not in one of the coordinate axes (indeed, we need slightly less than that), for any two 
distinct points (tl' If, ti) and (t2, d, tD of CC, we can consider the plane S joining P with 
these two points, and its intersection with CC. Apart from the previous two points, this 
intersection will contain only one more point (t3' d, tD, where t3 will be the remaining 
solution, after tl and t2, of the following cubic equation in t: 
YI Y2 Y3 
tl If ti 
t2 d t~ 
f t3 
0, 
where p(t) = (tlt2 - yltl - y l t2 + Y2)t - (yl t l t2 - Y2tl - Y2t2 + Y3)' 
(26) 
What we want to prove is that, for a sufficiently large q, one can find, for any fixed point 
P, a triplet ~, 1;, ~ solution of (26) with the following conditions: ~ =1= 1;, ~ =1= ~, I; =1= ~, 
and ~, 1;, ~ E H(q, s). 
For this purpose, it will be enough to consider the algebraic system of congruences IT: 
tl E H(q, s), t2 E H(q, s), tl - t2 E H(q, s), y l tl t2 - Y2tl - Y2t2 + Y3 E H(q, s), tlt2 -
YI tl - YI t2 + Y2 E H(q, s), which is, in our hypotheses, of type (5; 2; 1, 1,1,2,2) in the case 
YI =1= 0, and (5; 2; 1, 1, 1, 1,2) when YI = 0. A solution (~, 1;) E GF(q)2 of IT for which the 
element ~ = (YI ~ I; - Y2 ~ - Y2 I; + Y3)/( ~ I; - YI ~ - YI I; + Y2) is different from both 
~ and I; will supply the required triplet, since then necessarily also ~ will be an element of 
H(q, s) (and ~ =1= I; as a consequence of the relation ~ - I; E H(q, s)). The existence of 
such a solution (~, 1;) of IT follows on immediately from Proposition 8, but the question 
must be examined in greater depth in order to be sure that there are 'enough' solutions of 
IT so that for some of these the element ~ is indeed different from both ~ and 1;, as we need. 
This follows from the fact that in the proof of Proposition 8 one establishes that the set of 
such pairs of solutions has cardinality which is a function of q and whose order of 
magnitude is greater than 1 (with respect to q, as q --+ + 00), while the set of tangent planes 
to CC passing through P, which correspond to 'bad' solutions ~, 1;, has a cardinality whose 
order of magnitude is instead equal to 1, whence the asserted result. This done, we must 
repeat a similar argument for the points at the infinity of type (0, II, 12 , IJ, but it is now 
straightforward to reach the same conclusion as before, which ends the proof. 
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